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Abstract 

The aim of this paper is to classify the finite nonsolvable groups in which every 
irreducible character of even degree vanishes on at most two conjugacy classes. As 
a corollary, it is shown that £2(2^) are the only nonsolvable groups in which every 
irreducible character of even degree vanishes on just one conjugacy class. 
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1 Introduction 

For the simple groups L2(2^) W. Feit given a characterization using the centralizer of 

any involution in its Sylow 2-subgroups (see [I]). In this paper, we characterize L2(2^) 

using the number of even degree character zeros. For an irreducible character x °f a finite 

group G, set v(x) = {g £ G \ x(d) = 0}. Clearly, v(x) is a union of some conjugacy 

classes of G. An old theorem of Burnside asserts that v(x) is not empty for any nonlinear 

X € Irr(G). It makes sense to consider the structure of a finite group provided that the 

number of character zeros in its character table is small (see pQ, JH] for a few examples). 

Y. Berkovich and L. Kazarin 1 posed the following question: 

*Project supported by the NNSF of China (Grant No. 10171074), and the NSF of Jiangsu Provincial 
Education Department (03KJB 1 10002) . 
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Study the nonsolvable groups with the following "property (*): every irreducible char- 
acter of even degree has just one zero, i.e., vanishes on just one conjugacy class". Is it 
true that L2(2^) are the only simple groups with this property? 

Our observation is as follows. 
Theorem A L 2 (2^) (f > 2) are the only nonsolvable groups with the property (*). 

In deed, we establish the following two theorems. 
Theorem B Let G be a finite group. Then G satisfies the property (*) if and only if G 
is one of the following groups: 

(1) G possesses a normal and Abelian Sylow 2-subgroup; 

(2) G is a Frobenius group with a complement of order 2; 

(3) G = SL(2, 3); 

(4) G-L 2 (2/),/>2. 

Theorem C A finite nonsolvable group G has the following "property (**): every nonlin- 
ear x £ Irr(G) of even degree has at most two zeros" if and only ifG = -^2(7) or L>2(2f ) x Z 
where f > 2 and \Z\ = 1, 2. 

In this paper, G always denotes a finite group. For a subset A of G, let kc(A) be the 
minimal integer I such that A is a subset of a union of I conjugacy classes of G. For N<G, 
we put Irr(G|iV) = Irr(G) — Irr(G/A r ); and for A € Irr(iV), the inertia subgroup of A in G 
is denoted by Ig(^)- 

Let Irr2(G) be the set of irreducible characters of G with even degree. 

We shall freely use the following facts: Let N < G and set G = G/N. 

(1) For any xgG, x is a union of some classes of G; furthermore, kc{x G ) = 1 if and 
only if x( x ) = for any x £ Iti(G\N). 

(2) If G has the property (*) or (**), then so has G/N. 

2 Theorem C 

Lemma 2.1 Let N < M be two normal subgroups of G with kc(M — N) = 1. Then M 
is solvable. 

Proof Clearly, M/N is an Abelian chief factor of G; also, all elements in M — N have 
the same order p d , a power of some prime p. For x € M — N , since M/N — N/N is also a 
G/iV-class, we see that | C G / N (xN) \ = \Cg(x)\. This implies that for every x £ Irr(G|iV), 
x(x) = 0, and so that p divides x(l) because o(x) = p d (see ^1 Lemma 1.1]. By 
Theorem D]iV is solvable, and so is M. □ 
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Lemma 2.2 For any nonlinear \ £ Irr(G), we have: 

(1) If G is nonsolvable and kc{v{x)) < 2, i/ien x G , is irreducible, and 

(2) ifv(x)cN for someN<G, then gcd(x(l), \G/N\) = 1. 

Proof (1) Suppose that x G i is reducible. Then % = ip G , where ifi G Irr(M) and G" < 
M < G. This implies that x vanishes on G - M, and thus fc G (G — M) < 2. By O 
Theorem 2.2] G is solvable, a contradiction. 

(2) If C N, arguing as in the proof of [8 a Lemma 3.14] we conclude that \x( x ) I = 1 
whenever x G G — N . It follows from |14l Lemma 1.1] that p/x(l) for any prime divisor 
p of \G/N\. Therefore gcd{ X {l), \G/N\) = 1. □ 

Lemma 2.3 Let G be a non-Abelian simple group. Then there exists x £ Irr2(G) such 
that x is of p- defect zero for some prime divisor p of \G\. 

Proof It suffices to consider the non-Abelian simple group G with no irreducible char- 
acter of 2-defect zero. By |161 Corollary], we may assume G is isomorphic to one of the 
following groups: A n , M12, M22, M24, J2, HS, Suz, Ru, Co\, C03, or B. 

If G is isomorphic to A n , n < 8 or one of the above sporadic simple groups, we conclude 
the result by . Suppose that G = A n ,n > 9. By ^2 Proposition], there is x £ Irr(G) 
such that 2p|x(l), where p is the maximal prime not exceeding n. Clearly, x is of p-defect 
zero since \G\ P = p. □ 

Lemma 2.4 Let G be a nonsolvable group with the property (**). Then G has the unique 
non-Abelian composite factor. 

Proof By induction we may assume that Sol(G), the maximal solvable normal subgroup 
of G, is trivial. Let iV be a nonsolvable minimal normal subgroup of G. If N is not simple, 
then N = N\ x ■ ■ ■ x N s where each Ni is a non-Abelian simple group and s > 2. Let 
9{ € Irr2(iVj) be of p-defect zero (Lemma 12.3(1 . and set 9 = 6\ X • • • X S . Let xo be an 
irreducible constituent of 9 G , let x\ G JVi, x-i G A r 2 be of order p and 7/2 E N2 be of a prime 
order q (q ^ p). Clearly 9 9 is of p-defect zero for any g G G, thus 9 9 {x\) = 9 9 {x\X2) = 
9 g (xiy 2 ) = 0. This implies that Xo(^i) = Xof^i^) = Xo( x iU2) = 0. Since x\, xix 2 , x\y 2 
lie in distinct conjugacy classes, we conclude a contradiction. Suppose that N is simple but 
G/N is nonsolvable. Since Out(N) is solvable, Cc{N) is nonsolvable and hence contains 
a nonsolvable minimal normal subgroup M as SoI(Cg(N)) = 1. Set T = M x N. Let 
V> G Irr2(M) be g-defect zero and G Irr(A r ) be of p-defect zero, where q,p are prime 
divisors of \M\ and respectively. Let x G M, y G A be of order q,p respectively. Then 
for any irreducible constituent x of (tp x 9) G , we see that x( x ) = x(u) = x( x v) = 0- 
Clearly, x, y, xy lie in distinct classes of G, a contradiction. □ 
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Proposition 2.5 Let G be a nonsolvable group with the property (**). If every nontrivial 
quotient group of G is solvable, then G = £2(2-'),/ > 2 or L%(7). 

Proof Let iV be the unique minimal normal subgroup of G. By Lemma 12.41 N is a 
non-Abelian simple groups. Also G/N is solvable and Cc(N) = 1. 

Step 1. A is a simple group of Lie type. 

Suppose that N = A n for some n > 8. Let tt be the permutation character of N, and 
5 be the mapping of N into {0, 1, 2, • • •} such that 5(g) is the number of 2-cycles in the 
standard composition of g. Set 

(yr-l)(vr-2) 7r(vr-3) 
A = 5, ^=^^ + 5. 

By |3 Ch.5, Theorem 20.6], both A and p are irreducible characters of N. Clearly either 
A or p is of even degree. Let xo be an irreducible constituent of r G , where r E {A, p} is of 
even degree. By Lemma EOT l). (xo)jv = r - For even n, set 

a\ = (1, • • • , n — 1), a 2 = (1, • • • , n — 2)(n— 1, n), 03 = (1, • • • , n — 5)(n — 4, n — 3, n — 2); 

61 = (1, • • • , ra — 3), 62 = (1, 2, • • • n — 3)(n — 2, n — 1, n), 63 = (1, • • • , n — 4)(n — 3, n — 2). 
For odd n, set 

ai = (1, ■ • • , n— 2), ct2 = (1, ■ • • , n— 4)(n— 3, n— 2, n— 1), 03 = (1, • • • , n— 5)(n— 4, n— 3); 

61 = (1, • • • , n), 62 = (I, • • • , w — 3)(n — 2, n — 1), 63 = (1, • • • , n — 6)(n — 5, n — 4, n — 3). 
We see that A(ctj) = = p(bi) for any i = 1,2,3. Therefore, either Xo(ai) = ^0(02) = 
^0(03) = or xo(fei) = Xofe) = Xo(^) = 0. Observe that ai,a 2 ,a 3 (or 61,62,63) he in 
distinct classes of G. We conclude a contradiction. 

Suppose that N = Aj or one of the sporadic simple groups. For the case when 
G > N, then |G/iV| = 2. It implies by Lemma 12.21 that for any non-principal 9 £ Irr(iV), 
9 is extendible to x G irr (G), and that kc{v(x) H A) = 1 whenever 0(1) is even. By [H], 
we conclude a contradiction. For the case when G = N, we also conclude a contradiction 
by 0. 

Note that ^5 = L 2 (4) = L 2 (5), A 6 = L 2 (9). By the classification theorem, N must 
be a simple group of Lie type. 

Step 2. If G = L 2 (q) for some odd q = pf > 5, then G ^ L 2 (7). 

Since is one of the simple groups of Lie type, by |16j N has an irreducible character 
Xo of 2-defect zero. Let a be an irreducible constituent of \o ■ Observe that Xo( x ) = f° r 
any g £ G and any x € N of even order. It follows that o~(x) = whenever x £ N is of 
even order. Let P G Syl 2 (N), and A = U geG {P 9 - {1}). 

We claim that if G = L 2 {q) for some odd q = p f > 5, then G = L 2 (7). If er(l) ^ + 1 
where <r E Irr(G) is of 2-defect zero, then set r\ E Irr(G) with degree pf + 1. Let C be a 
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single cycle of G, and 3 = Ug^dC 9 — !)• Clearly, for any v G 3, either o"(u) or 77(f) = 0. 
This implies that &g(3) < 4. Since feG<(S) = (g — l)/4 (see II, Theorem 8.5]), we have 
that q = 7, 9, 11, 13. By 3 i; we conclude that q = 7 and G = L 2 (7). 

Step 3. If P is non-Abelian, then G = L-^iJ). 

In this case, we have v(a) = A C N and fc(j(u(o")) = 2. By Lemma 12.21 |G/iV| is odd 
and <j n = xo- Therefore a is of 2-defect zero, and cr(x) = for any x G G of even order. 
This implies that P G Syfo^G) and Cc(t) is a 2-group for any involution t. By |15| III, 
Theorem 5] and P is non-Abelian, G is one of the following groups: Sz(q),q = 2 2m+1 , 
Li2(q) where q is a Fermat prime or Mersenne prime, £3(4), £2(9) or M\q. 

By PJ M10 and £3(4) do not have the property (**). Note that all elements of order 

4 in Sz(2 2m+1 ) forms two conjugacy classes , which can be easily verified by Ch.XI, 
Theorem 3.10]. Therefore G = Sz{2 2m+l ) is not the case. Now by step 2, we conclude 
that G ^ L 2 (7). 

Step 4. If P is Abelian, then G ^ L 2 (2* ), / > 2. 

Since P is Abelain, by XI, Theorem 13.7], N is one of the following groups: L 2 (2'' ), 
L^{q) where g = 3,5(mod 8) or 2 G2{q) where q = 3 2m+1 . Recall that cr(x) = whenever 
x G A r is of even order. 

Suppose that N = 2 G 2 (g). Then all elements of even order in ./V lie in at least three 
classes of G (see Theorem 13.4]), a contradiction. 

Therefore N = L 2 ((/J. Then Aut(N) = N(<f>,6), where (</>} is the group of field 
automorphisms of N, {5) is the group of diagonal automorphisms of N. Note that <j> and 

5 commute modulo Inn(N), and that if q is even then (5) is trivial. 

Suppose that N = L/2(q) where q > 5,q = 3,5(mod 8). Let I = N{6) D G and 
9 G Irr(A r ) of degree q — 1. Arguing as the proof of jl()l Theorem 2.7], we conclude that 
9 is extendible to ip G Irr(7) and that ip G is irreducible. It follows by Lemma 12.21 that 
G = I. In particular, G = N or G = N(5). For the case when G = N, step 2 already 
yields a contradiction. Suppose that G = N(S) = PGL(2,q). Let 0,01 G Irr(iV) with 
degree g — 1, g + 1 respectively. By Lemma l2~2l 0, 9\ are extendible to /z and Hi G Irr(G) 
respectively, and kc(v([i) D AT) = kc(v(fii) n iV) = 1. Observe that either (g — l)/2 or 
(g + l)/2 is equal to 2/c for some k > 1, and that /u(a) = A*i(6) = whenever a, 6 G A" with 
2o(a)|(g-l),2o(b)|(g + l). It follows that either k G (y(n) D A 7 ") or k G {v{m)^N) is greater 
than 1, a contradiction. 

Therefore N ^ L 2 {2f ). Suppose that G > AT. Then G = G n N(<j>). For G Irr(AT) 
with degree 2-^ — 1, is (^-invariant and hence induces to an irreducible character of G. This 
implies by Lemma f2.2l that G/N is a cyclic group of odd order. Recall that xo G Irr(A^) is of 
degree 2*, and a is an extension of xo to G. Note that since A = \J ge c(P 9 — 1) is a class of 
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N, it forces A to be also a class of G. This implies that |C G (i)| = [G/JV||P| for t G P— {1}, 
and so that C G (t) = PA, where A n N = 1, A = G/N. Observe that a(g) = whenever 
g G G is of even order. It follows that \G/N\ is a odd prime q and that G, the set of elements 
of order 2q, forms a class of G. Let w G ^4 be an element of order q, and y = wt. Since is 
a class of G, all subgroup of order 2q are conjugate. Therefore, |0| = \G : N G ((y))\(q — 1). 
It is easy to see that C G (y) < N G ((y)) < C G (t) n C G (w) = C G (y). Then 

\G : C G (y)|(g - 1) = \G : JV G «y»|(g - 1) = |G| = \G : C G (y)\, 

a contradiction. □ 

Lemma 2.6 Let N <G and H/N be a Hall ir-subgroup of G/N. If r\ G Irr(PT) induces 
to an irreducible character \ of G, then x( x ) = f or an V is' -element x G G — N. 

Proof It follows directly from the definition of induced character. □ 

Lemma 2.7 Suppose that H is a subgroup of G = L2(2^),/ > 3. Let P\ G SyfoiH), 
P G Syl^iG) be such that P\ < P. Then, we have 

(1) // |P : Pi| = 2, then H = P\. 

(2) IfP = Pi, then P <H < N G {P). 

Proof It is enough to investigate the maximal subgroups of L 2 (2-0 (see II, Theorem 
8.27]). □ 

Proof of Theorem C It suffices to prove that if G is a nonsolvable group with the 
property (**), then G = L 2 (7) or L 2 (2^) x Z where / > 2 and \Z\ < 2. 

Let N <G be maximal such that G/N is nonsolvable. By Lemma 12.41 and Proposition 
H31 N is solvable and G/N ^ L 2 (2^)(/ > 2) or L 2 (7). Set G = G/N, and cr G Irr(G) be 
of degree 2 f . Let P > N be such that P G Syl 2 (G), and let A := U 9eG (P 9 - iV). Note 
that for any / > 2, if L 2 (2^) has nontrivial Schur multiplier, then f = 2. 

We first claim that if G = L 2 (7) then N = 1. If else, to see a contradiction we may 
assume that iV is minimal normal. Observe that A C v(a) and fc^(A) = 2. It follows that 
fe G (A) = 2, and that C G {t) is a 2-group, |C G (t)| = |Cg(t)| for any t G A. In particular, 
there is to € A such that |C G (£o)| = 4. This implies that a Sylow 2-subgroup of G 
possesses a cyclic subgroup of index 2 (see (21 Lemma 1.3]). Thus a Sylow 2-subgroup 
of N is cyclic, and so either \N\ = 2 or |JV| = q r for some odd prime q. If \N\ = 2, then 
G = L 2 (7) x Z(G), which is clear not the case. If \N\ = q r is odd, then P is a Frobenius 
group with a complement = P/N = D$, which is also impossible. 

We claim that if G= L 2 (2^) and G' < G, then G' D N = 1 and G = L 2 (2^) x Z where 
\Z\ = 2. It is easy to see that G/G'flN ^ L 2 (2^) x Z where |Z| = 2. If K := NnG' > 1, to 
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see a contradiction we may assume K is minimal normal. Note that P/K = P\/K x Z/K 
is elementary Abelian and of order 2^ +1 . Since 2 = k G / K (A) < ka(A) < kc{v{o-)) < 2, 
we conclude that for any t G Pi - K C P - A, \C G (t)\ = \C G/K {tK)\ = 2^ +1 . Now for 
any fi G Irr(G|A), since \i vanishes on A, we see that 2|/x(l) (see |2J Lemma 1.1]), and so 

v(fi) = A. 

If A is of odd order, then Pi acts Frobeniusly on A, which is clearly impossible. Suppose 
that A is an 2-group. Let non-principal A G Irr(i^) be such that A is P-invariant, and \i be 
some irreducible constituent of X G . If ^g(A) = G, then K < Z(G), and so G = £2(2^ )xK 
or G = 5L(2,5) x Z x (|Z X | = 2), which is impossible. If J G (A) < G, then P < J G (A) < 
Na(P), and then /i(x) = whenever o(x)\2* + 1 (see Lemma 12.6(1 . which contradicts the 
claim: v(fi) = A. 

In what follows, we need only to show that N = 1 provided that G = L2(2^) and 
G = G' . If else, to see a contradiction we may assume that N is minimal normal, and so 
is an elementary Abelian q-group for some prime q. 

For any non-principal A G Irr(A r ), if A is G-invariant, then = Z(G), and since 
G = G' we conclude that A is a subgroup of the Schur multiplier of £2(2*), and so 
that G = 5L2(5). By [Hj, SL(2, 5) does not satisfy the property (**), a contradiction. 
Therefore, ^g(A) < G for any non-principal A G Irr(A). Using the same argument as in 
above, we also conclude that |A| > 2. 

Let P < H < G be such that H = A^(P). We claim that "there is A G Irr(A) such 
that Jg(Ao) < H, and Aq /ias an irreducible constituent xo of even degree". 

Case a. q = 2, i.e., A is a 2-group. 

Since A C v(a), fcfj(A) = 1, 2. Note that Cq{x) is a 2-group and that |G G (x)| < 2^ +1 
since fc G (A) < 2. This implies that for any x G P — A, 

2 / = |P/A| < |P/P'| < |P/P'| + J2 M x )! 2 = l^^l ^ l C G^)l < 2 /+1 , 

r ? eIrr(W),?7(l)>l 

and so \C P (x)\ = 2? or 2^ +1 , \N : P'\ = 1,2. 

Suppose that A = P' and let P-invariant non-principal Ao G Irr(A). By Lemma 12.71 
we see that P < ic(Ao) < fl", also that A[f has an irreducible constituent of even degree. 

Suppose that |A : P'| = 2. By the above inequality, we conclude that any nonlinear 
irreducible character of P must vanish on P — A. Note that since |AT| > 2, P' > 1. 
Let P' /Ei be a principal factor of P and let E{> E\) < P be maximal such that P/E 1 is 
non- Abelian. Let V/E = Z(N/E) and let 770 be a nonlinear irreducible character of P/E. 
Since P - A C w(r? ) = P - V, V < N. Observe that V/E is cyclic by $ Lemma 12.3] 
but V < N is elementary Abelian, it follows that V/E has order 2, and so that V = A or 
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P'. If V = N, then (t]q)n = r ?o(l)-^o- Thus Ao is P-invariant, and this Ao works for our 
claim. If V = P', then (ryo)p' = 2 d 7, where 2 2d = 2-^ +1 . Since t]q vanishes on P — P', it is 
easy to check that rjN = 2 d ~ 1 (Xo + Ai), where Ao, Ai are distinct linear characters of N. 
Therefore \P : I P (X )\ = 2. Note that \P/N\ > 8 since / + 1 = 2d. Now by Lemma l2~7l 
we see that such Ao also works for the claim. 
Case b. q > 2, i.e., N is of odd order. 

In this case, since P/N is elementary Abelian, it is easy to conclude that there is 
non-principal Ao G Irr(iV) such that \P : Ip(Ao)| = 2. Thus, if 2? > 8, then such Ao works 
for our claim by Lemma 12.71 

For the case when 2^ = 4, we also conclude that 2 divides \G : Iq(Xo)\ since P is 
a T.I subgroup of G. Now if the claim fails, then K/N := Iq(Xq)/N = D±o or S3. Set 
A^ = ei#i + - • • e s 9 s , where 9±, ■ ■ ■ , 9 S E 1vt(K) are distinct. Observe that e« = 9{(1) divides 

\K/N\, that \K/N\ = e\ H h e 2 s , and that if 1 G {ei,- • • ,e s } then 2 G {ei, • • • , e s } by 

[SI Corrollary 6.17]. It follows that 2 G {ei, • • • , e s }. Therefore, there is uj G Irr(0 2 (i ; C)) 
such that lo g is irreducible. Now by Lemma 12.61 it is easy to see that kc{v{oJ G )) > 3, a 
contradiction. This complete the proof of the claim. 

Let Ao, Xo be as in the claim. Then xo = u G for some to G lvr(H). Let S be the set 
of elements outside of order divisible by 2^ + 1. By Lemma l2.6| H C v(x) and hence 
k G (E) < 2. Note that k G {E) > %(3) = 2^ 1 . This implies that f = 2,G = L 2 (4). 

Let us investigate Igt(Aq) < H. We see that either Iq{Xq)/N is a 2-group, 3-group, or 
J G (A ) =H^A 4 . 

Suppose that Ig(Xq)/N is a 2-group or a 3-group. By Lemma 12.61 we can easily 
conclude a contradiction. 

Suppose that Ig(Xq) = H. Since A[f has an irreducible constituent xo of even degree, 
we see that A^ has an irreducible constituent of even degree. This implies that Xq = 2ip 
where ip G Irr(P) is of degree 2. Let ipi be any irreducible constituent of (xo)p and let 
Ai be an irreducible constituent of (ipi) N . Clearly, Ai = Aq for some g G G. Note that 
I G (Xi) = H9, and that either P < H 9 or P n H 9 = N since P is a T.I set of G. It follows 
that either Ai = A or Ip(Xi) = N. Therefore, rpi always vanishes on P — N. This implies 
that xo vanishes on AUH, which contradicts the property (**). This completes the proof 
of Theorem C. 

3 Theorem A and Theorem B 

Proof of Theorem A It is a direct consequence of Theorem C. 

Proof of Theorem B It is obvious that all the groups listed in Theorem B have the 
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property (*). Note that if Irr2(G) is empty, then G possesses an Abelian and normal Sylow 
2-subgroup. Now we need only to show that if G is a solvable group with the property 
(*) and Irr2(G) 7^ 0, then either G is a Frobenius group with a complement of order 2, or 
G = SL(2, 3). 

Suppose first that there is some x € Irr2(G) such that x G , is reducible. Then x = ^ G 
for some A G In(H), where G' < H < G. This implies that x vanishes on G — H, and 
so k G (G — H) = 1. It is easy to conclude in this case that G is a Frobenius group with a 
complement of order 2. 

Now it suffices to prove that G = SL(2,3) provided that x G i is irreducible for any 
X £ Irr2(G). Observe that for any \ £ Irr2(G), v(x) H G' can not be empty, and it follows 
by Lemma [Q that gcd(x(l), \G/G'\) = 1. In particular, \G/G'\ is odd. 

Let E<G maximal be such that G/E is non-Abelian. By Lemma 12.3] G/E is 
a p-group or a Frobenius group. If G/E is a p-group and let nonlinear tp € Iti(G/E), 
since (?cci(x(l),p) = 1 for any x £ Ir^G), we get that xV> ^ I rr 2(G9, which is impossible 
because gcd([x'4')(i),p) > 1. Therefore is a Frobenius group with a kernel iV/.E and a 
cyclic complement, and thus gcd(x(l), \G/N\) = 1 whenever x € Irr2(G). Clearly, for any 
r € Irr2(./V), r is extendible to some x £ I rr 2(G < ), and thus |H1 Theorem 12.4] implies that 
both x and r vanish on iV - E, so ka{N - E) = 1. Observe that k G/E (N/E - E/E) = 1. 
It follows that |7V/E| = 1 + \G/N\. Since |G/iV| is odd, we see that N/E is a 2-group. 
Set liV/^l = 2 r and we have 2' r = \C G (t)\ = \C N (t)\ = \N/E\ + E^irr(jV|E) \v(t)\ 2 for any 
t € N — E. This implies that: "for any rj £ Irr(iV|i?) ; r\ must vanishes on N — E , so 
2 177(1) (\14\ Lemma 1.1]), and hence rj is extendible to G". 

Clearly we may assume that E > 1 and set E/F be a principal factor of G. If E/F is 
not a 2-group, then the above fact implies that N/F is a Frobenius group with the kernel 
E/F, and then N/E is of order 2 which is impossible. Thus E/F is a 2-group. Let us 
investigate the quotient group G/F. Let T = G/N be a Hall 2'-subgroup of G/F. We see 
that X acts non-trivially on N/F and fixes every nonlinear irreducible character of N/F. 
By HU Lemma 19.2], we conclude that N'/F = E/F < Z(G/F). Now Ch.5, Theorem 
6.5] implies that 2 r — 1 = \G/N\ divides 2 e + 1 for some integer e < r/2. This yields that 
2 r = 4, and so G/F ^ SL(2, 3). 

To finish the proof of Theorem B, it suffices to show that F = 1. If else, towards a 
contradiction we may assume that F is a minimal normal subgroup of G. Suppose that F 
is a 2-group. Since \C G (t)\ = 4 for any t <E N — E, there is x G iV - £ of order |iV|/2 > 8 
( |14| Lemma 1.3]), which is clearly impossible. Suppose that F is a (/-group for some odd 
prime q and set P <E Syl 2 {N). Since \C G (t)\ =4 for any t G N-E, we see that Cp(») < P' 
for any 1 / a; 6 F. It follows by ^Ql Lemma 19.1] that P is either cyclic or isomorphic to 
Qs, which is also impossible. The proof of Theorem B is complete. 
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By Theorem C, it is not difficult to deduce the following known result (,2..). 
Proposition Let G be a finite non-Abelian group in which every irreducible character has 
at most two classes of zeros. Then G is one of the following groups: 

(1) G is Frobenius group with a complement of order 2 or 3; 

(2) G/Z(G) is a Frobenius group with a complement of order 2, and \Z(G)\ = 2; 

(3) G = S 4 ; 

(4) G^L 2 {A) orL 2 (7). 
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